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A simple and fast tool to deal with non-stationarity in GPD
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Objectives

Detecting changes in time, e.g. are the last 30 year extreme
temperatures different from earlier periods ?

Detecting changes in space, e.g. are extreme temperatures in Paris
different from the ones recorded in Trieste ?

We don’t deal with the attribution problem here (see Francis Z.)



Hemispheric mean temperatures (source GISS-NASA 2010)
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Temperatures anomalies (1961-1990)

Source : Abarca-Del-Rio and Mestre, GRL. (2006)

perature (and hence mean temperature) increase is less
important in the north over most of the XXth century.

4. Variability

[11] The CWT analysis (Figure 3) of the annual mean
time-series over France reveals inter-annual time scales
dominated by a 5-to-8 year periodicity, which is known in
Europe to be highly correlated with the NAO (North
Atlantic Oscillation) [Hurrell et al., 2003]. The France
temperature series also presents a period of high amplitudes
at decadal scales between 1940 and 1960, as well as a
period with greater amplitudes at bidecadal scales between
1880 and 1920. We can also remark that it presents high
amplitudes at 40-to-60 year scales as well as at 60-to-80 year
scales. Because the length of the time span is rather short,
we tested the inter-decadal time scales for significance,
using a red noise (AR(1)) wavelet background spectrum
[Torrence and Webster, 1998]. The variability at inter-
decadal time scales (40–80 years) is significant at the
0.10 level from about 1940 to the end of the period. Those
multi-decadal oscillations are also found to be significant by
means of Multichannel Singular Spectrum Analysis over a
gridded reconstruction of annual temperatures over Europe
[Shabalova and Weber, 1999] and global mean temperature
records [Schlesinger and Ramankutty, 1994]. [Parker et al.,
1992] of the much longer Central England Temperatures
(CET) (not shown here) confirms these features – see also
Benner [1999].
[12] The DWT decomposition reveals that the inter-an-

nual (Figure 4a) and decadal (Figure 4b) timescales (D1-to-
D4) summed together explain more than 60% of the annual
mean 1880–2005 variance, but the sum of these first four
details (not shown here) does not contribute much to the
linear trend over the century (0.0048!C/dec), neither over
the last 30 years (0.056!C/decade). Figure 4c shows inter-
decadal timescales, while the secular component A6 exhib-
its a regular increasing trend that can be linked directly to
climate change (Figures 4d and 5).
[13] When summed (Figure 4d), the inter-decadal time

scales (D5 + D6) explain less than 15% of the total variance,
but they contribute to a great part of the increase after 1980:
0.49!C per decade since 1980, compared with 0.002!C per
decade since 1900. This sum (particularly D5) also contrib-
utes to the negative slope visible from 1950 to 1980

(!0.018!C/decade) in the annual time series (Figure 4d).
The corresponding slope (1950–1980) of the inter-annual
time scales (D1+D2) is equal to !0.03!C per decade. Note
that D5 and D6 are almost in phase opposition from 1900-
to-1950, explaining the lack of significant contribution of
these modes to the secular linear trend over these years.
Comparing the summed D5 + D6 + A6 components to the
original annual mean time series (Figure 5) reveals an
outstanding agreement over most of the observed period
between observations and the reconstructed D5 + D6 +
A6 trend. An examination of the DWT of the CET time
series since 1700 confirms the above result (not shown
here).
[14] Finally, the Empirical Modal Decomposition of the

series (Figure 6) confirms this decomposition and the
different modes obtained through DWT. This demonstrates
that the result is robust to choice of decomposition method.
[15] The spatial patterns of the secular and inter-decadal

timescales (Figure 7) exhibit the same features as those
observed in the spatial temperature linear trends (Figure 2).
Regionally, the A6 component (secular trend) is more
intense in the south of France, therefore explaining the
secular pattern (Figure 7, left, to be compared with Figure 2,
left). On the contrary, the spatial linear trends of the sum of
the inter-decadal time scales (D5 + D6 in Figure 7, right, to
be compared to Figure 2, right) for the most recent period
(1980–2005) are higher in North and East of France,
explaining why the more intense trends of temperatures
are located in these regions over the recent period.

5. Conclusion

[16] As a short conclusion, wavelet analysis (continuous
and discrete) reveals that a significant part of the latest
warming (1980–today) as well as part of the previous
cooling (1950–1980) observed on France temperature time
series are due to the sum of two inter-decadal components.
This is confirmed by the results of an alternative EMD
method. The monotonous secular trend, associated with
global warming is clearly modulated by inter-decadal time
scales. This interdecadal variability has contributed to
additional regional warming in particular since 1980. In

Figure 5. Time series of annual mean temperature
anomalies over France (black), (A6 + D5 + D6)
reconstruction (solid black), and A6 (dashed).
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Figure 6. Intrinsic Mode Functions (IMF) of the Empirical
Modal Decomposition, (a) IMF1 (solid) and IMF2 (dashed)
interannual details, (b) IMF3 (solid) and IMF4 (dashed)
decada l de ta i l s , (c ) IMF5 (so l id) and IMF6
(dashed) interdecadal details, and (d) secular component
IMF7 (solid) and IMF5 + IMF6 (dashed).
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An illustration

Paris, station Montsouris

Daily maxima of temperatures

Years from 1900 to 2010

40 515 maxima

Urban island effect ( ?)

Temperature maxima are often of Weibull type (precip light Fréchet)

Clustering versus declustering

30 years = the climatology yard stick



Paris, smooth trend
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Beyond Paris
A non-parametric entropy-based approach to detect changes in climate extremes 3
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Figure 1. Weather station locations described in Table 1 (source: ECA&D database).

that could be implemented to large datasets. Although no large outputs from Global climate models
will be treated here, we keep in mind computational issues when proposing the statistical tools
developed therein.

One popular approach used in climatology consists in building a series of so-called extreme
weather indicators and in studying their temporal variabilities in terms of frequency and intensity
(e.g., Alexander et al., 2006; Frich et al., 2002). A limit of working with such indices is that they of-
ten focus on the “moderate extremes" (90% quantile or below), but not on upper extremes (above the
95% quantile). In addition, their statistical properties have rarely been derived. A more statistically
oriented approach to analyze large extremes is to take advantage of Extreme Value Theory (EVT).
According to Fisher and Tippett’s theorem (1928), if (X1, . . . ,Xn) is an independent and identically
distributed sample of random variables and if there exists two sequences an > 0 and bn ∈ R and a
non degenerate distribution Gµ,σ,ξ such that

lim
n→∞

P
�

max
i=1,...,n

Xi−bn

an
≤ x

�
= Gµ,σ,ξ (x) ,

then Gµ,σ,ξ belongs to the class of distributions

Gµ,σ,ξ(x) =





exp
�
−

�
1+ξ

� x−µ
σ

��− 1
ξ

+

�
if ξ �= 0

exp
�
−exp

�
−

� x−µ
σ

��
+

�
if ξ = 0

which is called the Generalized Extreme Value distributions (GEV). The shape parameter, often
called ξ in environmental sciences, is of primary importance. It characterizes the GEV tail behaviour
(see Coles, 2001; Beirlant et al., 2004, for more details). If one is ready to assume that temperature
maxima for a given block size (day, month, season, etc) are approximately GEV distributed, then
it is possible to study changes in the GEV parameters themselves (e.g. Fowler and Kilsby, 2003;
Kharin et al., 2007).



European stations with long time series

2 Naveau et al.

Table 1. Characteristics of 24 weather stations from the European Climate Assessment & Dataset
project http://eca.knmi.nl/dailydata/predefinedseries.php. The heights are expressed in
meters.

Austria
Station name Latitude Longitude Height First year Last year Missing years

Kremsmunster +48:03:00 +014:07:59 383 1876 2011 -
Graz +47:04:59 +015:27:00 366 1894 2011 2

Salzburg +47:48:00 +013:00:00 437 1874 2011 5
Sonnblick +47:03:00 +012:57:00 3106 1887 2011 -

Wien +48:13:59 +016:21:00 199 1856 2011 2
Denmark

Station name Latitude Longitude Height First year Last year Missing years
Koebenhavn +55:40:59 +012:31:59 9 1874 2011 -

France
Station name Latitude Longitude Height First year Last year Missing years

Montsouris +48:49:00 +002:19:59 77 1900 2010 -
Germany

Station name Latitude Longitude Height First year Last year Missing years
Bamberg +49:52:31 +010:55:18 240 1879 2011 -

Berlin +52:27:50 +013:18:06 51 1876 2011 1
Bremen +53:02:47 +008:47:57 4 1890 2011 1
Dresden +51:07:00 +013:40:59 246 1917 2011 -

Frankfurt +50:02:47 +008:35:54 112 1870 2011 1
Hamburg +53:38:06 +009:59:24 11 1891 2011 -
Karlsruhe +49:02:21 +008:21:54 112 1876 2011 2
Potsdam +52:22:59 +013:04:00 100 1893 2011 -

Zugspitze +47:25:00 +010:58:59 2960 1901 2011 1
Italy

Station name Latitude Longitude Height First year Last year Missing years
Bologna +44:30:00 +011:20:45 53 1814 2010 -

Netherlands
Station name Latitude Longitude Height First year Last year Missing years

De Bilt +52:05:56 +005:10:46 2 1906 2011 -
Den Helder +52:58:00 +004:45:00 4 1901 2011 -

Eelde +53:07:24 +006:35:04 5 1907 2011 -
Vlissingen +51:26:29 +003:35:44 8 1906 2011 2

Slovenia
Station name Latitude Longitude Height First year Last year Missing years

Ljubjana +46:03:56 +014:31:01 299 1900 2011 5
Switzerland

Station name Latitude Longitude Height First year Last year Missing years
Basel +47:33:00 +007:34:59 316 1901 2011 -

Lugano +46:00:00 +008:58:00 300 1901 2011 -



Paris, analyzing excesses per season

Winter Paris p=0.95
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A main question about the last “30 year” extremes

Winter Paris p=0.95
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A current approach in the climate community about detecting changes in
extremes

Fitting a GEV or a GPD based model to describe extremes

Investigating how the GEV or GEV parameters change in space or time.

E.g., Jarusková and Rencová (2008), Fowler and Kilsby, (2003), Kharin et al.,
(2007)



Desiderata of our statistical approach

Very few assumptions (neither imposing a GPD nor a GEV)

Fast computations

Good statistical properties of our estimators

Interpretability

Cross discipline tools (statistics and climatology)



Our assumptions

Trends and annual cycles have been removed

High detrended excesses can be considered stationary (or even iid)

The two periods of interest belongs to the same domain of attraction

The upper end points of both periods are equal

We do not assume that the two periods have necessarily the same
shape parameter



Climate

EVTEntropy



Definitions (Kullback, 1968)

The Kullback-Leibler directed divergence

I(f ; g) = Ef

„
log
„

f (X)

g(X
)

««
,

where f and g pdfs and X random vector with density f .

The Kullback-Leibler divergence

D(f ; g) = I(f ; g) + I(g; f )

a symmetrical measure relative to f and g.



Kullback-Liebler divergence

Advantages

Interpretability

A single and simple summary

Cross discipline tools (statistics and climatology)

It is not an index

Links with model selection criteria



Kullback-Liebler divergence

I(f ; g) = Ef

„
log
„

f (X)

g(X)

««
, and D(f ; g) = I(f ; g) + I(g; f )

How to compute and infer the divergence ?

Assume f and g have explicit expressions, e.g. GP

Plug in the mle estimates

Drawbacks

Strong assumptions : f and g have explicit expressions, e.g. GP

Difficult to work with the likelihood when the dimension is large
(composite likelihoods, etc)



Climate

Entropy EVT



The “Old” life The “Modern” style

Distributions (cdf) Densities (pdf)



I(f ; g) = Ef

“
log
“

f (X)
g(X)

””

A general comment
The divergence is based on the probability density functions, f and g, but
extreme behaviors are better captured by cumulative distribution
functions, F and G, or their tails, 1− F and 1−G.

..., but what is the question for this application ? It is not

to infer GPD parameters



Entropy for excesses above u

Notations
Let X and Y be two abs. cont. r.v.’s with identical upper end-points.
For any u, we define the random vector [X | X > u] by its density

fu(x) =
f (x)

F (u)
, for all xF > x > u.

Divergence definition

I(fu; gu) = Efu

„
log
„

fu(Xu)

gu(Xu)

««

=
1

F (u)

Z xF

u
log
„

fu(x)

gu(x)

«
f (x)dx



Entropy for excesses above u

An approximation of I(fu; gu) = Efu

“
log
“

fu(Xu)
gu(Xu)

””

Under mild assumptions, the divergence D(fu; gu) = I(fu; gu) + I(gu; fu) is
equivalent to the quantity K (fu; gu) = −L(fu; gu)− L(gu; fu) where

L(fu; gu) = Ef

 
log

G(X )

G(u)

˛̨
˛̨
˛X > u

!
+ 1



Approximation for the GPD

6 Naveau et al.

0 5 10 15 20

0.
1

0.
2

0.
3

0.
4

Threshold

|D
(f u
,g
u)−

K(
f u,
g u
)|/
D
(f u
,g
u)

!f = 0.1,!g = 0.2
!f = 0.1,!g = 0.15
!f = 0.1,!g = 0.12

Figure 2. Relative error between K( fu;gu) and D( fu;gu) in function of different thresholds, see Proposition
1 when f and g correspond to two GP densities with a unit scale parameter and different shape parameters
ξ f = 0.1 and ξg = 0.2,0.15 and 0.12.

then the divergence D( fu;gu) = I( fu;gu)+ I(gu; fu) is equivalent, as u ↑ τ, to the quantity

K( fu;gu) =−L( fu;gu)−L(gu; fu)

where

L( fu;gu) = E f

�
log

G(X)
G(u)

����X > u
�

+1. (3)

For the special case of GP densities, we can explicitly compute from (1) the true divergence
D( fu;gu) and its approximation K( fu;gu). In Figure 2, the relative error |K( fu;gu)−D( fu;gu)|/D( fu;gu)
when f and g correspond to two GP densities with a unit scale parameter and ξ f = 0.1 is displayed
for different threshold values (x-axis). The solid, dotted and dash-dotted lines correspond to shape
parameters ξg = 0.2,0.15 and 0.12, respectively.

As the threshold increases, the relative error between K( fu;gu) and D( fu;gu) rapidly becomes
small. The difference between ξ f = 0.1 and ξg does not play an important role.

The idea behind condition (2) is the following one. If log
�

f (x)·G(x)
F(x)·g(x)

�
tends to a constant rapidly

enough, then the integral
R τ

u cst× ( fu(x)−gu(x))dx equals zero because
R τ

u fu(x)dx =
R τ

u gu(x)dx =
1. Is condition (2) satisfied for a large class of densities? The coming two subsections answer
positively to this inquiry.

2.1. Checking condition (2)
In EVT, three types of tail behaviour (heavy, light and bounded) are possible and correspond to
the GP sign of ξ, positive, null and negative, respectively. Those three cases have been extensively
studied and they have been called the three domains of attraction, Fréchet, Gumbel and Weibull
(e.g., see Chapter 2 of Embrechts et al., 1997). The next two propositions focus on the validity of



Necessary condition for applying our divergence approximation

Under mild conditions, the divergence D(fu; gu) = I(fu; gu) + I(gu; fu) is
equivalent to the quantity K (fu; gu) = −L(fu; gu)− L(gu; fu) where

L(fu; gu) = Ef

 
log

G(X )

G(u)

˛̨
˛̨
˛X > u

!
+ 1



Inference

One advantage of Ef

“
log G(X)

G(u)

˛̨
˛X > u

”
over Efu

“
log
“

fu(Xu)
gu(Xu)

””

The Kullback Leibler divergence approximation can be estimated by

bL(fu; gu) =
1

Nn

nX

i=1

log
Gm(Xi ∨ u)

Gm(u)

with Gm is the empirical cdf of the Yi ’s and Nn := # {Xi ,Xi ≥ u}



Distribution under the null hypothesis : F = G

Suppose n = m

Gn(x) = Fn(x) in distribution

The statistic

bL(fu; fu) =
1

Nn

nX

i=1

log
Fn(Xi ∨ u)

Fn(u)

does not depend on the original F and it is a distribution free statistic.



Distribution under the null hypothesis : F = G

Suppose n = m

Gn(x) = Fn(x) in distribution

The statistic

bL(fu; fu) =
1

Nn

nX

i=1

log
Fn(Xi ∨ u)

Fn(u)

does not depend on the original F and it is a distribution free statistic.



Simulations results

Coming tables
Number of false positive (wrongly rejecting that f = g) and negative out of
1000 replicas of two samples of sizes n = m for a 95% level where f and g
GP densities with shape parameter ξf and ξg , respectively.



Bounded tails

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 107 550 54 816 93
100 3 233 58 680 5
200 0 35 45 469 0
500 0 0 62 94 0

1000 0 0 50 5 0

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0

1000 0 0 0 0 42 50 17 5 0 0

1



Bounded tails : comparing with the Kolmogorov-Smirnov test

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 107 550 54 816 93
100 3 233 58 680 5
200 0 35 45 469 0
500 0 0 62 94 0

1000 0 0 50 5 0

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0

1000 0 0 0 0 42 50 17 5 0 0

1



Heavy-tails : comparing with the Kolmogorov-Smirnov test

Table 1: Number of false positive (wrongly rejecting that f and g are equal)
and negative out of 1000 replicas of two samples of sizes n = m for a 95%
level. f = GP(0,−ξ f ,ξ f ) and g = GP(0,−ξg,ξg) (first row) f = GP(0,1,ξ f ) and
g = GP(0,1,ξg) density, respectively in the last three rows. The bold values = our
divergence approach.

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0
1000 0 0 0 0 42 50 17 5 0 0

Fréchet-Fréchet case ξ f = .1
❍❍❍❍❍❍n

ξg .05 .08 .1 .15 .2

10 986 946 991 939 15 49 986 954 963 950
100 973 935 960 941 43 49 953 930 925 899
1000 937 740 946 926 45 49 943 773 740 285

10000 648 9 911 597 41 55 688 16 14 0
Gumbel-Weibull case ξ f = 0

❍❍❍❍❍❍n
ξg −.5 −.4 −.3 −.2 0

50 804 155 868 377 921 628 949 799 28 48
100 513 3 727 37 896 231 933 599 38 50
200 63 0 348 0 709 12 888 252 37 60
500 0 0 1 0 134 0 616 4 58 53
1000 0 0 0 0 0 0 229 0 36 54

Gumbel-Fréchet case ξ f = 0
❍❍❍❍❍❍n

ξg 0 .2 .3 .4 .5

50 33 63 943 853 945 746 919 589 885 473
100 36 74 923 695 907 470 844 253 733 100
200 30 57 902 412 807 120 606 18 392 1
500 43 55 706 52 335 0 101 0 13 0
1000 45 59 423 1 34 0 0 0 0 0

2



Gumbel case : comparing with the Kolmogorov-Smirnov test

Table 1: Number of false positive (wrongly rejecting that f and g are equal)
and negative out of 1000 replicas of two samples of sizes n = m for a 95%
level. f = GP(0,−ξ f ,ξ f ) and g = GP(0,−ξg,ξg) (first row) f = GP(0,1,ξ f ) and
g = GP(0,1,ξg) density, respectively in the last three rows. The bold values = our
divergence approach.

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0
1000 0 0 0 0 42 50 17 5 0 0

Fréchet-Fréchet case ξ f = .1
❍❍❍❍❍❍n

ξg .05 .08 .1 .15 .2

10 986 946 991 939 15 49 986 954 963 950
100 973 935 960 941 43 49 953 930 925 899
1000 937 740 946 926 45 49 943 773 740 285

10000 648 9 911 597 41 55 688 16 14 0
Gumbel-Weibull case ξ f = 0

❍❍❍❍❍❍n
ξg −.5 −.4 −.3 −.2 0

50 804 155 868 377 921 628 949 799 28 48
100 513 3 727 37 896 231 933 599 38 50
200 63 0 348 0 709 12 888 252 37 60
500 0 0 1 0 134 0 616 4 58 53
1000 0 0 0 0 0 0 229 0 36 54

Gumbel-Fréchet case ξ f = 0
❍❍❍❍❍❍n

ξg 0 .2 .3 .4 .5

50 33 63 943 853 945 746 919 589 885 473
100 36 74 923 695 907 470 844 253 733 100
200 30 57 902 412 807 120 606 18 392 1
500 43 55 706 52 335 0 101 0 13 0
1000 45 59 423 1 34 0 0 0 0 0

2



Coming back to our temperatures maxima recorded in Paris

Winter Paris p=0.95

years

Ex
ce
ss
es

0
1

2
3

4
5

1900 1927 1955 1983 2010
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Step A (sliding window of length 30 years)

Winter Paris p=0.95

years

Ex
ce
ss
es

0
1

2
3

4
5

1900 1927 1955 1983 2010
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Step A (sliding window of length 30 years)

Winter Paris p=0.95

years

Ex
ce
ss
es

0
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2
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4
5

1900 1927 1955 1983 2010

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!
!

!

!

!
!

!

!!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!!

!

!

!

!!

!

!

!

!

!!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!!!

!
!

!

!

!

!!

!

!

!

!

!

!

!!
!
!!

!

!

!!

!

!

!

!

!!

!

!

!

!

!!!

!

!

!

!

!

!

!!

!!

!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!
!!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!
!

!
!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!!

!
!

!

!

!

!

!

!

!

!

!

!
!
!

!
!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!

!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

30 years80 years

Sliding window



Step A (sliding window of length 30 years)

Winter Paris p=0.95

years

Ex
ce
ss
es

0
1

2
3

4
5

1900 1927 1955 1983 2010

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!
!

!

!

!
!

!

!!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!!

!

!

!

!!

!

!

!

!

!!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!!!

!
!

!

!

!

!!

!

!

!

!

!

!

!!
!
!!

!

!

!!

!

!

!

!

!!

!

!

!

!

!!!

!

!

!

!

!

!

!!

!!

!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!
!!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!
!

!
!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!!

!
!

!

!

!

!

!

!

!

!

!

!
!
!

!
!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!

!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

30 years80 years

Sliding window



Step A (sliding window of length 30 years)

Winter Paris p=0.95

years

Ex
ce
ss
es

0
1

2
3

4
5

1900 1927 1955 1983 2010

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!
!

!

!

!
!

!

!!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!!

!

!

!

!!

!

!

!

!

!!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!!!

!
!

!

!

!

!!

!

!

!

!

!

!

!!
!
!!

!

!

!!

!

!

!

!

!!

!

!

!

!

!!!

!

!

!

!

!

!

!!

!!

!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!

!

!

!

!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!
!!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!!

!
!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!
!

!
!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!

!

!

!
!

!!

!

!

!

!

!!

!
!

!

!

!

!

!

!

!

!

!

!
!
!

!
!

!!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!
!

!

!

!

!

!

!

!

!

!
!

!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

!

30 years80 years

Sliding window



Back to Paris A non-parametric entropy-based approach to detect changes in climate extremes 13

1920 1940 1960 1980 2000

−0
.2

−0
.1

0.
0

0.
1

0.
2

0.
3

Spring

 

D
iv

er
ge

nc
e

1920 1940 1960 1980 2000

−0
.2

−0
.1

0.
0

0.
1

0.
2

0.
3

Summer

 

 

1920 1940 1960 1980 2000

−0
.2

−0
.1

0.
0

0.
1

0.
2

0.
3

Fall

Year

D
iv

er
ge

nc
e

1920 1940 1960 1980 2000

−0
.2

−0
.1

0.
0

0.
1

0.
2

0.
3

Winter

Year

 

Figure 5. Paris weather station: evolution of the divergence estimator (black curve), �K( fu;gu), in function of
the years [1900+ t,1929+ t] with t ∈ {1, ...,80}. The reference period is the current climatology, [1981, 2010].
The dotted line represents the 95% significant level obtained by a random permutation procedure.

4.2. Extreme temperatures

In geosciences, the yardstick period called a climatology is made of 30 years. So, we would like to
know how temperature maxima climatologies have varied over different 30 year periods. To reach
this goal, for any t ∈ {1, ...,80}, we compare the period [1900+ t,1929+ t] with the current clima-
tology [1981, 2010]. All our daily maxima and minima come from the ECA&D database (European
Climate Assessment & Dataset project http://eca.knmi.nl/dailydata/predefinedseries.php).
This database contains thousands of stations over Europe, but most measurement records are very
short or incomplete and consequently, not adapted to the question of detecting changes in extremes.
In this context, we only study stations that have at least 90 years of data, i.e. the black dots in Figure
1. As previously mentioned in the Introduction section, a smooth seasonal trend was removed in
order to discard warming trends due to mean temperature changes. This was done by applying a
classical smoothing spline with years as covariate for each season and station (R-package mgcv).
The resulting trends appear to be coherent with mean temperature behaviour observed at the na-
tional and north-hemispheric levels (e.g., see Figure 5 in Abarca-Del-Rio and Mestre, 2006): an
overall warming trend with local changes around 1940 and around 1970.

As a threshold needs to be chosen, we set it as the mean of the 95% quantiles of the two cli-
matologies of interest. We first focus on one single location, the Montsouris station in Paris, where
daily maxima of temperatures have been recorded for at least one century. Figure 5 displays the
estimated �K( fu;gu) on the y-axis and years on the x-axis with t ∈ {1, ...,80}. We are going to use
this example to explain how the grey circles on figures 6 and 7 have been obtained.

Similarly to our simulation study, a random permutation procedure with 200 replicas is run to
derive the 95% confidence level. One slight difference with our simulation study is that instead
of resampling days we have randomly resampled years in order to take care of serial temporal
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Figure 6. The black dots represent the 24 locations described in Table 1 and come from the ECA&D database.
The way the circles are built is explained in Section 4.2.

correlations (it is unlikely that daily maxima are dependent from year to year). From Figure 5, the
Fall season in Paris appears to be significantly different at the beginning of the 20th century than
today. To quantify this information, it is easy to compute how long and how much the divergence
is significantly positive. More precisely, we count the number of years for which �K( fu;gu) resides
above the dotted line, and we sum up the divergence during those years (divided by the total number
of years). Those two statistics can be derived for each station and for each season. In figures 6 and
7, the circle width and diameter correspond to the number of significant years and to the cumulative
divergence over those years, respectively. For example, temperature maxima at the Montsouris
station in Figure 5 often appear significantly different during Spring time (the border of the circle is
thick in Figure 6) but the corresponding divergences are not very high on average. On the contrary,
there are very few significant years during the Fall season, but the corresponding divergences are
much higher (larger diameters with thinner border in Figure 6). This spatial representation tends
to indicate that there are geographical and seasonal differences. For daily maxima, few locations
witnessed significant changes in Summer. In contrast, the Winter season appears to have witnessed
extremes changes during the last century. This is also true for the Spring season, but to a lesser
degree. Daily minima divergences plotted in Figure 7 basically follows an opposite pattern, the
Summer and Fall seasons appear to have undergone the most detectable changes.
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Figure 7. Same as Figure 6, but for daily minima.
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Take home messages for detecting with the entropy

Extremes here mean very rare

Connections between EVT and Kullback-Leibler divergence

No need to choose a explicit density

Fast algorithm

Limited to one question

Significant changes over Europe, especially for minima

More research needed for the multivariate case

More applications to large datasets



WEEKLY MAXIMA OF HOURLY RAINFALL IN FRANCE (FALL SEASON, 1993-2011)

How to measure the dependence within each cluster 1 of size d = 7
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Multivariate Extremes Framework 2

Margins (unit-Fréchet)

F (x) = P(X1 ≤ x) = · · · = P(Xd ≤ x) = exp(−1/x)

Max-stability property

F t(tx) = F (x), for F (x) = exp(−1/x)

2. de Haan and Ferreira, 2006, Resnick 1987, Embrechts, Kluppelberg and Mikosch (1997)



Max-stable multivariate vector

Max-stability in the univariate case

F t(tx) = F (x), for F (x) = exp(−1/x)

Max-stability in the multivariate case with unit-Fréchet margins

F t(tx1, . . . , txd) = F (x1, . . . , xd)

Multivariate distribution

P{X1 ≤ x1, . . . ,Xd ≤ xd} = exp {−V (x)}

with
V (tx) = t−1V (x)



Multivariate Extremes Framework

Modeling and inference options

Working with V (x)

or the spectral measure H(dw)

V (x) =

Z

Sd

d_

i=1

„
wi

xi

«
H(dw)

or the Pickands dependence function A(w)

V (x) =

„
1
x1

+ . . .+
1
xd

«
A(w)



Pickands Dependence Function A(w) for d = 2
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A(.) PICKANDS DEPENDENCE FUNCTION

Polar coordinates on the simplex

r =
dX

i=1

xi wi =
xi

r

Sd−1 :=

(
(w1, . . . ,wd−1) ∈ [0, 1]d−1 :

d−1X

i=1

wi ≤ 1

)

Constraints on the Pickands function

P1) A(w) convex

P2) A(w) ≥ max (w1, . . . ,wd−1,wd) and 1/d ≤ A(w) ≤ 1

P3) A(ei) = 1 and A(0) = 1



How to extend beyond the 2d case ? Recall about the bivariate case

L1-distance (Madogram estimator)

ν = E|U − V |

Special case : U = max(F1(X1),F2(X2)) and V = (F1(X1) + F2(X2))/2

V (1) =
1 + 2ν
1− 2ν

Inference

V̂ (1) =
1 + 2ν̂
1− 2ν̂



MULTIVARIATE MADOGRAM

L1-distance (Madogram estimator)

ν = E|U − V |

ν(w) = E

0
@ _

i=1,...,d

n
F 1/wi

i (Xi)
o
− 1

d

X

i=1,...,d

F 1/wi
i (Xi) .

1
A , w ∈ Sd−1

Proposition

ν(w) =
V (1/w1, . . . , 1/wd)

1 + V (1/w1, . . . , 1/wd)
− c(w),

where c(w) = d−1Pd
i=1 wi/(1 + wi).

A(w) =
ν(w) + c(w)

1− ν(w)− c(w)
.
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MULTIVARIATE MADOGRAM

ν(w) = E

0
@ _

i=1,...,d

n
F 1/wi

i (Xi)
o
− 1

d

X

i=1,...,d

F 1/wi
i (Xi) .

1
A , w ∈ Sd−1

A natural estimator of the multivariate madogram is given by

bνn(w) =
1
n

nX

m=1

0
@ _

i=1,...,d

n
F̂ 1/wi

i (Xm,i)
o
− 1

d

X

i=1,...,d

F̂ 1/wi
i (Xm,i)

1
A ,

where F̂i is the empirical cdf for the ith coordinate.

The Pickands function can be then estimated by

bAMD
n (w) =

bνn(w) + c(w)

1− bνn(w)− c(w)
, w ∈ Sd−1.
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ESTIMATION PROCEDURE

We want to estimate the Pickands Dependence Function A(w)

1 Transform data in pseudo-polar
coordinates

r =
dX

j=1

xj and wj =
xj

r

2 Obtain a first guess Ân with
some non-parametric estimator
(e.g. MD)

3 Derive the projection of Ân in the
space A of functions satisfying
the desired properties

4 It can be done solving the
optimization problem

Ãn = arg min
A∈A
‖bAn − A‖2,

BUT there is no closed solution

5. Consider a nested sequence
Ak ⊆ A of constrained
multivariate Bernstein-Bézier
polynomial families

Ak = {BA(w; k) = bk (w)βk : Ckβk ≥ ck}

The approximate projection estimator is given by the solution of

Ãn,k = arg min
BA∈Ak

‖bAn − BA‖2
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some non-parametric estimator
(e.g. MD)

3 Derive the projection of Ân in the
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NUMERICAL RESULTS (d=3) Increasing k

True dependence function of the Symmetric Logistic Model (solid line)

dependence parameter α = 0.3

n = 20

k = 5 k = 11 k = 14
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NUMERICAL RESULTS (d=3) MISE

MISE(bAn,A) = E

(Z

Sd−1

“
bA(w)− A(w)

”2
dw

)
,

Parameter Estimator Poly’s degree Sample size
α k 50 100 200

0.3 HT 5.71× 10−4 5.27× 10−4 5.25× 10−4

MD 4.94× 10−4 2.70× 10−4 1.94× 10−4

BP-HT 14 6.77× 10−5 6.39× 10−5 6.32× 10−5

BP-MD 17 5.66× 10−5 4.68× 10−5 2.52× 10−5

0.6 HT 3.80× 10−3 2.85× 10−3 9.69× 10−4

MD 2.73× 10−3 1.36× 10−3 6.83× 10−4

BP-HT 3 7.15× 10−4 5.08× 10−4 2.79× 10−4

BP-MD 3 6.74× 10−4 3.53× 10−4 1.75× 10−4

0.9 HT 6.98× 10−3 4.32× 10−3 2.31× 10−3

MD 4.81× 10−3 3.17× 10−3 1.51× 10−3

BP-HT 3 1.57× 10−3 1.04× 10−3 6.05× 10−4

BP-MD 3 1.12× 10−3 5.39× 10−4 4.13× 10−4



CONFIDENCE BANDS

Use bootstrap confidence bands (say R = 500 or 2,000
replicates)

Derive non-parametric (100− α)% individual confidence bands
from the quantiles of the bootstrap sampling β̃∗`

Construct them, for each β`, individually

P
{
β̃`
∗
(Rα/2) ≤ β` ≤ β̃`

∗
(R(1−α/2))

}
= 1− α ∀` ∈ Lk ,

Define a bootstrap simultaneous (1− α) confidence band
specifying the lower ÃL

n,k (w) and upper ÃU
n,k (w) limits as


∑

l∈Lk

β̃
∗dr(α/2)e
l bl(w; k);

∑

l∈Lk

β̃
∗dr(1−α/2)e
l bl(w; k)


 , w ∈ Sd−1,



NUMERICAL RESULTS (d=2)
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CONFIDENT BANDS (D=3)



CONFIDENT BANDS (D=3)

Parameter Estimator Poly’s degree Coverage Probability
α k [ÃL

n,k , ÃU
n,k ]

0.3 BP-HT 14 0.929
BP-MD 17 0.930

0.6 BP-HT 3 0.904
BP-MD 3 0.928

0.9 BP-HT 3 0.903
BP-MD 3 0.916



WEEKLY MAXIMA OF HOURLY RAINFALL IN FRANCE (FALL SEASON, 1993-2011)

bθ = 7 ÃMD
n,k (1/7, . . . , 1/7)
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Convergence results

Order statistics and empirical copulas

Bergaus B., A. Bucher and H. Dette (2013).
Mimimum distance estimators of the Pickands dependence function and related
tests of MEVT dependence
SFDS 154.

Fils-Villetard, A., A. Guillou, and J. Segers (2008).
Projection estimators of pickands dependence functions.
The Canadian Journal of Statistics 36(3), 369–382.

Gudendorf, G. and J. Segers (2012).
Nonparametric estimation of multivariate extreme-value copula.
Journal of Statistical Planning and Inference 142(3073–3085).

Marcon G., Padoan S.A., Naveau P. and Muliere P. (2014).
Multivariate Nonparametric Estimation of the Pickands Dependence Function
using Bernstein Polynomials.
Submitted (ArXiv).



Conclusions

Multivariate max-stable vectors

A well-developed theory with a lot of inference approach

Parametric versus non-parametric

Still a lot of open questions and room for improvement (spatio-temporal,
non-stationary, extreme versus non-extremes, covariates, dynamics,
dimension reduction, ...)

for recent advances in MEVT, see the journal Extremes

Coming events

Workshop on stochastic weather generators, Avignon. Sep, 17-19, 2014

Workshop on Extreme Value Theory, Spatial and Temporal Aspects, in
Besançon, November 3-5, 2014

EVA (Extreme Value Analysis), Michigan, June 15-19, 2015
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Statistics and Earth sciences

“There is, today, always a
risk that specialists in two
subjects, using languages
full of words that are
unintelligible without study,
will grow up not only, without
knowledge of each other’s
work, but also will ignore the
problems which require
mutual assistance”.
QUIZ

(A) Gilbert Walker
(B) Ed Lorenz
(C) Rol Madden
(D) Francis Zwiers

CONNECTION BETWEEN EL NIÑO AND STATISTICS 99

ily available. These equations still are popular (e.g.,
used in S-PLUS) for estimating partial autocorrela-
tions and, through a generalization (Whittle, 1963,
page 101), for fitting multiple AR processes.

But how many statisticians (or, for that matter, at-
mospheric scientists) are aware that the “Walker” in
both terms refers to the same individual and, more-
over, that these two appellations arose in conjunction
with the same research? The “Walker” in question is
none other than Sir Gilbert Thomas Walker (Figure 3).
While stationed in India as Director General of Obser-
vatories of that country’s meteorological department,
Walker became preoccupied with attempts to forecast
the monsoon rains, whose failure could result in wide-
spread famine (Davis, 2001). It was in the course of
this search for monsoon precursors that he identified
and named the “Southern Oscillation” (Walker, 1924).

At that time, the approach most prevalent in the
statistical analysis of weather variables was to search
for deterministic cycles through reliance on harmonic
analysis. Such cycles included those putatively as-

FIG. 3. Photograph of Sir Gilbert T. Walker (source: Royal
Society; Taylor, 1962).

sociated with sunspots, the hope being to provide a
method for long-range weather or climate forecast-
ing. Walker was quite skeptical of these attempts, es-
pecially given the lack of statistical rigor in identify-
ing any such periodicities. Eventually, he suggested the
alternative model of quasiperiodic behavior (Walker,
1925). Meanwhile, the prominent British statistician
George Udny Yule devised a second-order autoregres-
sive [AR(2)] process to demonstrate that the sunspot
time series was better modeled as a quasiperiodic phe-
nomenon than by deterministic cycles (Yule, 1927). To
determine whether the SO exhibits quasiperiodic be-
havior, Walker was compelled to extend Yule’s work
to a general pth-order autoregressive [AR(p)] process
(Walker, 1931).

The focus of the present paper is on the connec-
tion between the meteorological and statistical aspects
of Walker’s research. First some background about
Walker’s research on what he called “world weather”
is provided. Then the development of the Yule–Walker
equations is treated, including a reanalysis of the in-
dex of the SO originally modeled by Walker. Reaction
to his research, contemporaneously and in subsequent
years and both in meteorology and in statistics, is char-
acterized. For historical perspective, the present state
of stochastic and dynamic modeling of the SO is briefly
reviewed, examining the extent to which his work has
stood the test of time. Finally, the question of why his
work was so successful is considered in the discus-
sion section. For a more formal, scholarly treatment of
Walker’s work, in particular, or of the ENSO phenom-
enon, in general, see Diaz and Markgraf (1992, 2000)
and Philander (1990) (in addition to the references on
ENSO already cited in this section).

2. WALKER’S RESEARCH ON WORLD WEATHER

2.1 Training and Career

In grammar school, Sir Gilbert Thomas Walker, who
lived from 1868 to 1958, “showed an early interest in
arithmetic and mechanics” (Taylor, 1962, page 167).
After being educated under a mathematical scholar-
ship at Trinity College, University of Cambridge, he
remained there, assuming an academic career as Fel-
low of Trinity and Lecturer. Walker was a “mathemati-
cian to his finger-tips” (Simpson, 1959, page 67) and
was elected Fellow of the Royal Society in 1904 on the
strength of his research in pure and applied mathemat-
ics, including “original work in dynamics and electro-
magnetism before ever he turned his thoughts to me-
teorology” (Normand, 1958). Among his first papers
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Checking lim
R xF

u

“
log f (x)

F (x)
− log g(x)

G(x)

”
(fu(x)− gu(x)) dx = 0

Basically, this condition is satisfied for all classical distributions and more.
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condition (2) for tails belonging to the Fréchet and Weibull domains of attraction, respectively. The
Gumbel case that contains a lot of classical densities like the Gamma and Gaussian ones is more
complex to deal with and we opt for a different approach based on stochastic ordering to check
condition (2) for those types of densities.

PROPOSITION 2. Suppose that the random variables X and Y belong to the Fréchet max-domain
of attraction, i.e. F and G are regularly varying,

lim
t→∞

F(tx)
F(t)

= x−α and lim
t→∞

G(tx)
G(t)

= x−β,

for all x > 0 and some α > 0 and β > 0. We also impose the following classical second order
condition (see e.g. de Haan and Stadtmüller, 1996)

lim
t→∞

F(tx)
F(t) − x−α

qF(t)
= x−α xρ−1

ρ
and lim

t→∞

G(tx)
G(t)

− x−β

qG(t)
= x−β xη−1

η
,

for some ρ < 0 and η < 0 and some functions qF �= 0 and qG �= 0. If the functions

B(x) =
x f (x)
F(x)

−α and C(x) =
xg(x)
G(x)

−β,

are eventually monotone, then condition (2) is satisfied.

PROPOSITION 3. Suppose that the random variables X and Y belong to the Weibull max-domain
of attraction and have the same finite upper endpoints. Condition (2) is satisfied if the assumptions
of Proposition 2 hold for the the tail functions F∗(x) := F

�
τ− x−1

�
and G∗ (x) := G

�
τ− x−1

�
.

To treat the most classical densities belonging to the Gumbel domain of attraction, we need
to recall the definition of the asymptotic stochastic ordering, (e.g., see Shaked and Shanthikumar,
1994). Having Xu ≥st Yu for large u means P(Xu > t)≥ P(Yu > t) , for all t > u and for large u.

PROPOSITION 4. Suppose that Xu ≥st Yu for large u and define

α(x) = log
�

f (x)
F(x)

�
− log

�
g(x)
G(x)

�
.

If E(Xu), E(α(Xu)) and E(α(Yu)) are finite and the derivative α�(·) is monotone and goes to zero as
x ↑ τ, then (2) is satisfied.

The proof of this proposition relies on a probabilistic version of the mean value theorem, (e.g.
di Crescenzo, 1999). Applying this proposition can be straightforward in some important cases. For
example, suppose that X and Y follow a standard exponential and standard normal distributions,
respectively. We have E(Xu) = 1 + u, E(Yu) = φ(u)

Φ(u)
and α� (x) = x− φ(x)

Φ(x)
which is monotone and

goes to zero as x ↑ ∞. For large u, Xu ≥st Yu. Hence, condition (2) is satisfied.
Overall, condition (2) appears to be satisfied for most practical cases. In a nutshell, this condition

tells us that our approximation can be used whenever the two densities of interest are comparable in
their upper tails. For the few cases for which this condition is not satisfied, the discrepancy between
the two tails is likely to be large and they can be easily handled for our climatological applications
by just watching the two plotted time series under investigation and deduce that they are different.
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